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A HODGE INDEX FOR GROTHENDIECK RESIDUE PAIRING
MOHAMMAD REZA RAHMATI
Abstract. In this text we apply the methods of Hodge theory for isolated hyper-
surface singularities to define a signature for the Grothendieck residue pairing of
these singularities.
Introduction
A Hodge structure (HS) of weight n ∈ Z on a Q-vector space H consists of a
decomposition H ⊗ C = ⊕p+q=nH
p,q into C-subspaces Hp,q such that Hq,p = Hp,q.
This structure can equally been explained by the existence of a decreasing flag F • :
F 0 = H ⊃ F 1 ⊃ ... ⊃ F n = 0 such that F i ∩ F n−i+1 = 0. The HS is said to be
polarized if there exists a non-degenerate Q-bilinear form S : H ⊗H → Q such that
the aforementioned decomposition is orthogonal with respect to this bilinear form
and the the bilinear form S(., C.) is positive definite, where C : H → H defined by
C |Hp,q= i
p−q is the Weil operator. A mixed Hodge structure (MHS) is given by a
triple (H,F •,W•) where H and F
• are as before and W• is an increasing filtration
on H defined over Q. This data is subject to the condition that for all k, the pairs
(GrWk H,F
•GrWk ) is a HS of weight k. The polarization for a MHS is given by a set
polarizations Sk on the pure HS (Gr
W
k H,F
•GrWk ) for each k. Mixed HS’s constitute
a category, with morphisms to be linear maps respecting the filtrations. Examples
of HS (resp. MHS) are cohomologies of projective (resp. quasi-projective) varieties,
[SCH], [D1]. A well known theorem of P. Deligne states that any MHS H has a
unique functorial bigrading H =
⊕
p,q I
p,q such that
(1) Ip,q = Iq,p mod
⊕
r<q,s<p
Ir,s
We propose to study families of HS of the same weight over the puncture disc.
An example of this happens when one considers a projective map f : X → S
between quasi-projective varieties. In this case the k-th cohomology of each fiber
has a polarized HS of weight k. The special case we will consider in this text is when
f : Cn+1 → C has isolated singularity and is given by a holomorphic germ around 0 ∈
Cn. By a theorem of J. Milnor f has a Milnor fibration representative f : X → ∆∗
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defined on sufficiently small neighborhoods of zero. The only interesting non-trivial
cohomology of the fibers, Xt := f
−1(t) (in this case) is the middle cohomology, i.e.
n-th cohomology (also called vanishing cohomology). Let exp : U → ∆∗ is the
universal covering of the punctured disc, it is convenient to set X∞ := Xt ×∆∗ U
called canonical fiber.
The subject of this article is to study the variation of MHS obtained from the
vanishing cohomology of such fibrations, and try to relate them to the Grothendieck
residue pairing associated to f . The hypothesis that f has an isolated singularity
implies that the module Ωf = Ω
n+1
X /df ∧ Ω
n
X
∼= OX/∂f has finite rank equal to
the Milnor number of f . The Grothendieck pairing (local residue) is a symmetric
C-bilinear pairing
(2) resf,0 : Ωf × Ωf → C
It is a well known theorem of A. Grothendieck that the local residue form is non-
degenerate. A natural question is; how to calculate the signature of this form by
the topological invariants of the singularity. This is the subject of this note and we
try to relate this to the Hodge numbers of the MHS defined by f . We explain that
the C-vector space Ωf inherits a MHS from H
n(X∞,C) by constructing a specific
isomorphism between them. Then we show that a little modification of the local
residue (2) can be regarded as a polarization for the MHS.
1. Variation of mixed Hodge structure
A polarized variation of mixed Hodge structure over the punctured disc ∆∗ consists
of the 5-tuple (H, F •,W•,∇, S) where
• H is local system of Q-vector spaces on ∆∗.
• W• = (Wi) is an increasing filtration on H by sub-local systems of Q-vector
spaces.
• F • = (F i) is a decreasing filtration on the vector bundle H⊗Q O∆∗ by holo-
morphic sub-bundles.
• ∇ : H⊗Q O∆∗ →H⊗Q Ω
1
∆∗ is a flat connection satisfying Griffiths transver-
sality;
(3) ∇(F i) ⊂ F i−1 ⊗ Ω1∆∗
• S : H×H → Q is a flat pairing inducing a set of rational non-degenerate bilin-
ear forms Sk : Gr
k
WH⊗Gr
k
WH → Q such that the triple (Gr
k
WH, F
•GrkW , Sk)
defines pure polarized variation of Hodge structure on ∆∗.
which we briefly mention as H. In case explained the flat connection ∇ is usually
denoted by ∂t.
If f : (Cn+1, 0) → (C, 0) is a holomorphic germ having an isolated singularity
at 0 ∈ Cn+1, then the family of middle cohomologies of the fibers Xt := f
−1(t)
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constitute a local system H := Rnf∗Q =
⋃
tH
n(Xt,Q), of rank µ(f) the Milnor
number of f . The monodromy M : Hn(Xt,Q) → H
n(Xt,Q) around 0 ∈ C can be
written as M = MsMu where Ms is a diagonal matrix called the semisimple part of
M . The logarithm N = logMu ⊗ 1/2πi is a nilpotent map on Ht = H
n(Xt,Q). By
a well known theorem of Jacobson-Morosov [H1], N induces an increasing filtration
W•,t on Ht. We will use the notation X∞ = Xt ×∆∗ U where U is the upper half
plane. This changes nothing in the middle cohomologies.
According to the Riemann-Hilbert correspondence, the local systemH corresponds
to Gauss-Manin system (G = H ⊗ O∆∗ ,∇) on the punctured disc, with a flat con-
nection
(4) ∂t := ∇d/dt : H → H
Proposition 1.1. [SCHU], [SC2] If f : (Cn+1, 0) → (C, 0) is a holomorphic germ
having an isolated singularity at 0 ∈ Cn+1, then the action of ∂t in (4) is invertible.
We will briefly explain the methodology to understand this theorem in what fol-
lows. The C[t, t−1]-module G has a canonical filtration due to Malgrange-Kashiwara,
namely V -filtration indexed by α ∈ Q. It is characterized by the properties;
• t.V α ⊂ V α+1,
• ∂t.V
α ⊂ V α−1
• the operator t∂t − α is nilpotent on Gr
α
V .
The V -filtration always exists and is unique and its definition is independent of choice
of the coordinate t, and we set Cα = V α/V >α. The Gauss-Manin system can also
be written as;
(5) G =
∑
−1≤α<0
C{t}[t−1]Cα.
There is an isomorphism
(6) ψ :=
⊕
−1<α≤0
ψα :
⊕
−1<α≤0
HλαC →
⊕
−1<α≤0
Cα, ψα(Aα) = t
α exp(log t.
−N
2πi
).Aα
whereHλC := H
n(X∞,C)
λ = ker(Ms−λ)
r ⊂ Hn(X∞,C) is the generalized eigenspaces
of the monodromy around 0 ∈ ∆∗. We have λα := exp(2πiα), −1 < α ≤ 0. The
action of the monodromy operator M on HλαC correspond to the action of the oper-
ator exp(t∂t − α) by this map. The explanation of the V -filtration is simple in this
case and V α is the submodule generated by the image of sections with index not less
than α.
E. Brieskorn [B] considers the O∆∗-modules
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(7) H ′′ =
f∗Ω
n+1
X
df ∧ d(Ωn−1X )
called the Brieskorn lattice associated to the fibration of f . Sometimes the stack of
the sheaf H ′′ is called the Brieskorn lattice of f . It is a locally free sheaf of rank
µ(f) the Milnor number of f . There is a map relating the sections of the sheaf ΩX
to sections of G namely
(8) s : ω 7−→
ω
df
= {t 7→ Res(f=t)
ω
f − t
}
which takes values in V >−1, and its kernel is df ∧ dΩn−1X . Therefore it embeds H
′′
into V >−1 ⊂ G. Using the V -filtration on the Gauss-Manin module; we may define
the Hodge filtration on Hn(X∞,C) by
(9) F pHn(X∞,C)λ = ψ
−1
α (
V α ∩ ∂n−pt H
′′
0
V >α
), α ∈ (−1, 0]
where the action of ∂t is via the embedding induced by s and F
pHn(X∞) =
⊕λF
pHn(X∞,C)λ, [H1], [1], [SCHU], [KUL], [SC2].
Finally, in order to define the polarization form we proceed as follows. There
exists a change of variable such that the holomorphic map f becomes a polynomial
of sufficiently high degree d. Then, the Milnor fibration f : X → ∆∗ can be embeded
into a projective fibration fY : Y → ∆
∗ such that Zero is the only singular point of the
closure Y0 = X0
Zar
in a hyperplane in P n+1(C) and the fibers in Y are prolongations
of the fibers in X . The map induced on the middle cohomologies from the embedding
i : X∞ →֒ Y∞ is surjective and we have the exact sequence
(10) 0→ ker(MY − id)→ P
n(Y∞)→ H
n(X∞)→ 0.
where P n(Y∞) is the primitive part of H
n(Y∞) and (10) is a form of the invariant
cycle theorem. The monodromy MY and its logarithm NY are similarly defined for
the fibration Y . The polarization form is given by S = S 6=1 ⊕ S1 where
S 6=1(a, b) = SY (i
∗a, i∗b), a, b ∈ Hn(X∞) 6=1
S1(a, b) = SY (i
∗a, i∗NY b), a, b ∈ H
n(X∞)1
where SY is the polarization form for the HS H
n(Y∞). The first two vector spaces in
(10) have a natural MHS. J. Steenbrink establishes that there exists a unique MHS
on Hn(X∞) which makes the short sequence to be exact in the category of MHS’s,
called it Steenbrink limit MHS, [JS2], [SCH], [SC2], [H1], [JS3].
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Theorem 1.2. [H1] The filtration defined in (9) is the Steenbrink limit Hodge filtra-
tion. The 5-tuple (H, F •,W•, ∂t, S) constitute a variation of mixed Hodge structure
on the punctured disc.
2. Grothendieck residue pairing
For a holomorphic germ f : (Cn+1, 0)→ (C, 0) with an isolated critical point; the
local (Grothendieck) residue is
g 7−→ Res0
[
gdx
∂f
∂x0
... ∂f
∂xn
]
:=
1
(2πi)n+1
∫
Γε
gdx
∂f
∂x0
... ∂f
∂xn
where Γǫ is a suitable cocycle around 0 ∈ C
n+1. One can define a bilinear form resf,0
(11) resf,0 : Ωf × Ωf → C
(g1dx, g2dx) 7−→ Res0
[
g1g2dx
∂f
∂x0
... ∂f
∂xn
]
,
It is a symmetric bilinear pairing (Grothendieck residue pairing-local residue), which
is non-degenerate, [G3]. There is a simple relation between the module of relative
differentials Ωf and the Brieskorn lattice H
′′ given by
(12)
H ′′
∂−1t H
′′
∼= Ωf
In [1] we have defined an isomorphism Φ : Hn(X∞)→ Ωf which allows to transfer
the Hodge and weight filtration over Ωf . According to the theorem of Deligne-Hodge
the MHS Hn(X∞) has a decomposition H
n(X∞) =
⊕
Ip,q satisfying (1). The map
Φ is defined as follows on the generalized eigenspace in Ip,qλ .
(13) Φp,qλ : I
p,q
λ
Φˆλ−→ Grα+n−pV H
′′ pr−→ Gr•VH
′′/∂−1t H
′′
∼=
−→ Ωf
where Φˆp,qλ := ∂
p−n
t ◦ ψα. The last isomorphism forgets the V -grading on Ωf , and
in this way Φ is not unique if defined. A choice of Φ corresponds to a choice of a
section of
(14) GrαV [V
α ∩H ′′]→ GrαV [H
′′/∂−1t H
′′]
for −1 ≤ α < 0, [SAI6], [1], [H1]. If Jp,q = Φ−1Ip,q is the corresponding subspace
of Ωf , then Ωf =
⊕
p,q J
p,q and define C˜|Jp,q := (−1)
p. The following diagram is
commutative ([1] Theorem 8.6.1);
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(15)
R̂esf,0 : Ωf × Ωf −−−→ Cy(Φ−1,Φ−1) y×∗
S : Hn(X∞)×H
n(X∞) −−−→ C
∗ 6= 0
where,
R̂esf,0 = resf,0 (•, C˜ •)
In other words;
(16) S(Φ−1(ω),Φ−1(η)) = ∗ × resf,0(ω, C˜.η), 0 6= ∗ ∈ C.
The mixed Hodge structure on Ωf is defined via Φ, [1] (see also [V] and [SAI6]).
In case f = f(z) is a quasihomogeneous polynomial, the mixed Hodge structure can
be explained via monomial basis of the Milnor or Jacobi ring. In this case the inverse
map Φ−1 is as follows,
(17) Φ−1 : [zαdz] 7−→ cα.[resf=1(z
αdz/(f − 1)[l(α)])]
with cα ∈ C, and z
α is a monomial basis of Jacobi ring of f by the work of Griffiths
and Steenbrink. In this case the Hodge structure is the same as pole filtration can
be explained by the degrees l(α) =
∑
(αi + 1)wi where wi is the weight of zi, [JS7],
[1].
Proposition 2.1. [1](Riemann-Hodge bilinear relations for Grothendieck residue
pairing on Ωf ) Assume f : C
n+1 → C is a holomorphic germ with an isolated sin-
gularity. The 3-tuple (Ωf ,ΦF
•,ΦW•) define a polarized MHS, which is polarized by
R̂esf,0) in the following sense. Suppose f is the corresponding map to N : H
n(X∞)→
Hn(X∞), via the isomorphism Φ. Define
Pl = PGr
W
l := ker(f
l+1 : GrWl Ωf → Gr
W
−l−2Ωf )
Going to W -graded pieces;
(18) R̂esl : PGr
W
l Ωf ⊗C PGr
W
l Ωf → C
is non-degenerate and according to Lefschetz decomposition
GrWl Ωf =
⊕
r
frPl−2r
we will obtain a set of non-degenerate bilinear forms,
(19) R̂esl ◦ (id⊗ f
l) : PGrWl Ωf ⊗C PGr
W
l Ωf → C,
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(20) R̂esl = resf,0 (id⊗ C˜. f
l)
such that the corresponding hermitian form associated to these bilinear forms is pos-
itive definite. In other words,
• R̂esl(x, y) = 0, x ∈ Pr, y ∈ Ps, r 6= s
• If x 6= 0 in Pl,
Const× resf,0 (Clx, C˜. f
l.x¯) > 0
where Cl is the corresponding Weil operator.
Hodge theory assigns to any polarized Hodge structure (H,F, S) a signature which
is the signature of the hermitian form S(C•, •¯), where C is the Weil operator. In
case of a polarized mixed Hodge structure (H,F,W (N), S), where N is a nilpotent
operator this signature is defined to be the sum of the signatures of the hermitian
forms associated to the graded polarizations Sl : PGr
W
l H × PGr
W
l H → C, i.e
signatures of hl := Sl(Cl•, N
l•¯) for all l. The signature associated to the polarized
variation of mixed Hodge structure of an isolated hypersurface singularity with even
dimensional fibers is calculated in [JS2] as
(21) σ =
∑
p+q=n+2
(−1)qhpq1 + 2
∑
p+q≥n+3
(−1)qhpq1 +
∑
p,q
(−1)qhpq6=1
where h1 = dimH
n(X∞)1, h6=1 = dimH
n(X∞) 6=1 are the corresponding Hodge num-
bers. This signature is 0 when the fibers have odd dimensions.
Corollary 2.2. The signature associated to the Grothendieck pairing resf,0 of an
isolated hypersurface singularity germ f ; is equal to the signature of the polarization
form associated to the MHS of the vanishing cohomology and is given by (21). This
index is zero when fibers have odd dimensions.
Proof. This follows from the diagram (15) and Theorem 1.2 and proposition 2.1. 
In the Hodge terminology this index can also be associated to the real hypersurface
f : Rn+1 → R when the isolated singularity is algebraic, i.e. it remains isolated over
C.
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